Nonlinear networked systems are of interest in several areas of research, such as multi-agent systems and social networks. In this paper, we examine the controllability of several classes of nonlinear networked dynamics on which the underlying graph admits negative weights. Such signed networks exhibit bipartite clustering when the underlying graph is structurally balanced. We show that structural balance is the key ingredient inducing uncontrollability when combined with a leader-node symmetry and a certain type of dynamical symmetry. We then examine the problem of extracting the bipartite structure of such graphs from data using Extended Dynamic Mode Decomposition to approximate the corresponding Koopman operator.
I. INTRODUCTION
Networked dynamical systems are the cornerstone of many modern technologies, as well as the focus of scientific research in many disciplines. Some pertinent examples of networked systems are opinion dynamics [1] , gene networks [2] , flocking dynamics [3] and autonomous coordinated flight [4] . One of the most well-studied networked dynamical systems is the consensus protocol, which is used in many applications including Kalman filtering [5] , [6] , multi-agent systems [7] , [8] , [9] and robotics [10] . More recently, the controls community has begun examining consensus on networks admitting both cooperative and antagonistic interactions [11] , [12] , [13] , [14] .
Previous research in this direction has examined the controllability of consensus networks in both the linear case and non-linear generalizations of consensus [15] , [16] , [17] . The work by Rahmani et al. has shown that symmetries of networks characterized by graph automorphisms about leaders in the network cause uncontrollability [18] . This symmetry technique was generalized by Chapman and Mesbahi, who showed that signed fractional automorphisms provide the necessary and sufficient conditions for characterizing controllability of consensus networks [19] . Further work examined methods of generating network topologies, for either performance improvements, as in [20] and [21] , or those that are controllable for consensus, such as in [22] and [23] . Consensus algorithms on networks admitting antagonistic interactions were considered by Altafini [11] and Pan et al. [24] . The graph-theoretic property of structural balance, used in the study of social networks, was identified as the property inducing bipartite consensus [25] , [26] , [27] . Moreover, Clark et al. worked on the leader selection problem on signed networks [28] . Roy and Abaid discussed using antagonistic interactions to improve existing consensus-like algorithms [17] .
The generalization to nonlinear consensus algorithms has been studied in numerous settings. Behaviour of nonlinear consensus protocols was considered by Srivastava et al. [13] . The extension of these consensus protocols to signed networks was studied by Altafini [11] . Moreover, the generalization of symmetry arguments for controllability was examined by by Aguilar and Gharesifard [16] .
There has been a recent interest in applying data-driven methods to control of networks; one such approach has utilized the Koopman operator. The Koopman operator provides a dynamical framework in which one considers the propagation of observables of the state, rather than the state itself. The Koopman operator is linear, even for a nonlinear dynamical system, but the trade-off is that the vector space of observables is generally infinite-dimensional [29] . This formalism lends itself well to a data-driven approach, allowing one to approximate the Koopman operator by collecting data [30] . Research by Pan et al. has looked at identifying the bipartite structure of signed networks using data-driven methods [31] , furthering work done by Facchetti et al. [32] , and Harary and Kabell [33] .
The contributions of this paper are twofold. First, we show that the property of structural balance, when combined with symmetries in the underlying graph, as well as certain symmetries of the nonlinear dynamics, causes uncontrollability in the context of the accessibility problem. In particular, we consider the same network flows studied in [13] , [16] , [11] ; however we extend the controllability analysis to signed dynamics. Secondly, we extend the bipartite identification problem considered by Pan et al. in [31] to the case of signed nonlinear consensus networks. In particular, we use a Koopman operator-theoretic approach alongside Extended Dynamic Mode Decomposition (EDMD) to extract a 'Koopman mode' whose sign structure reveals the bipartite structure.
The paper is organized as follows. In §II, we provide the relevant background on graph theory, nonlinear control and Koopman operator theory required for the discussion in this paper. Then, the problems considered are outlined in §III. In §IV, we examine the controllability problem and in §V we consider the bipartite identification. Relevant examples are shown in §VI, and the paper is concluded in §VII.
II. MATHEMATICAL PRELIMINARIES
A column vector with n elements is referred to as
The identity matrix is denoted I n . For w ∈ R n the matrix diag(w) is an n × n matrix with w on its diagonal and zero elsewhere. We say that A is similar to B if there is an invertible matrix R such that R −1 AR = B. The unit vector e i is the column vector with all zero entries except [e i ] i = 1.
The column vector of all ones is denoted as 1. The cardinality of a set S is denoted as |S|. The column space of a matrix M is denoted by R(M ). We denote the Moore-Penrose pseudoinverse of a matrix A as
. . , f (r) exist and are continuous. The function g ∈ C ∞ , otherwise called smooth, has derivatives of all orders. Let F : R n → R n be a vector field and let ϕ : R n → R n be a smooth mapping.
A. Consensus Dynamics on Signed Networks
We follow the standard notation and conventions for graph theory applied to multi-agent systems and consensus, as in [15] . Below, we introduce some mathematics relating the ideas of symmetry and signed graphs that we will utilize in this paper.
An automorphism of the graph G is a permutation φ : V → V of its nodes such that φ(i)φ(j) ∈ E if and only if ij ∈ E. The permutation φ induces a mapping ϕ : R n → R n such that [ϕ(x)] i = x φ(i) . Let the permutation matrix J be such that [J] ij = 1 if φ(i) = j and zero otherwise. Therefore, the permutation matrix J is simply the Jacobian matrix of ϕ, in that J = Dϕ. Thus, φ represents the automorphism of G if and only if JA(G) = A(G)J (see [15] ).
A signed graph G s is a graph with both positive and negative weights. We define the signed graph Lapla-
Following the generalization of consensus to signed graphs in [12] , the signed consensus dynamics arė
In a similar way that we defined the functions φ and ϕ for the graph automorphism, consider the function g : V → V encoding the action of the gauge on the nodes.This induces a function g :
The gauge transformation is then the Jacobian of this function, in that G t = Dg.
B. Nonlinear Dynamical Systems
We follow the same conventions as in [16] . Consider the controlled dynamical systeṁ
Then, the nonlinear dynamical system (1) is said to be accessible from the initial point x 0 if for every T > 0 the set A(x 0 , ≤ T ) contains a non-empty interior.
C. Koopman Operator
Consider the dynamical system in (1) without control. The Koopman operator K acts on functions of the state space (called observables) ψ by the action
where the v k 's are the Koopman modes. For the case of full-state observable g(x) = x the states can be reconstructed as,
A numerical approximation of Koopman operator can be obtained by EDMD [30] .
III. PROBLEM STATEMENT
In this paper, we tackle two problems regarding nonlinear signed consensus networks. In the first section, we extend the result in [16] to the signed networks. We examine the necessary conditions of uncontrollability in nonlinear signed network systems due to input and dynamics symmetry. In particular, we will show how the additional topological property of structural balance in signed networks plays a key role in driving uncontrollability.
The following lemma from [11] elucidates some properties of structural balance. Lemma 1. (See [11] ) The following statements are equivalent:
1) The signed graph G is structurally balanced; 2) There exists a gauge transformation G t such that G t A s G t has only positive entries; 3) For all cycles in G, the product of the edge weights on the cycle are positive; 4) The signed Laplacian L s has a zero eigenvalue; 5) There exists a bipartition of V such that the edge weights on the edges within the same set are positive, and the edges connecting the two sets are negative.
In the second section of this paper, we show that a particular Koopman mode from the EDMD approximation of the Koopman operator contains the sign structure corresponding to the bipartition in Lemma 1 (5) . This extends the work by Pan et al. who considered the equivalent problemn for linear signed consensus [31] .
IV. NONLINEAR CONTROLLABILITY OF SIGNED NETWORKS
In this section, we extend previous work [16] to analyze the controllability of nonlinear consensus protocols to the case where these protocols run on a signed network. We consider three types of nonlinear consensus protocols, following the nomenclature in [11] , [13] , [16] :
• Relative Nonlinear Floẇ
• Disagreement Nonlinear Floẇ
To make the paper self-contained, we provide two main theorems from [16] which we use later to demonstrate uncontrollability. Theorem 1. Let G = (V, E) and F : R n → R n be a flow on G. Assume ϕ is a non-identity symmetry on F . Then, for any leader l, the leader-follower network flow on G induced by l is not accessible from the origin in R n−1 . Theorem 2. Let G = (V, E) and let F : R n → R n be the dynamics in any of (2)-(4). Also, assume ϕ be an automorphism of G. Then F is ϕ-invariant.
The behavior of the dynamics (2)-(4) clearly depends on the choice of f : R → R. In [11] , several classes of functions were considered. First, the class of translated positive, infinite sector nonlinearities S is defined as
where x x * f (t)dt → ∞ as |x| → ∞ and f (0) = 0; see [27] for properties of this class of functions. A subset S 0 ⊂ S of these functions that will be used later is the untranslated positive, infinite sector nonlinearities given by setting x * = 0 in the definition of S. The reason these classes of functions are interesting is that when combined with the dynamics introduced in (2)-(4), clustering occurs in a structurally balanced graph. This is summarized in the following theorem. According to this theorem, for certain classes of functions, the dynamics will converge to two different clusters. These clusters are exactly those corresponding to the bipartite consensus condition in Lemma 1 (5) .
In the following subsections, we elaborate on the controllability of the dynamics (2)-(4) and show that a notion of symmetry about the input node, as well as structural balance, lead to uncontrollability. From [11] we know if the underlying signed graph G is structurally balanced, then there exists a gauge transformation G t that acts as a similarity transformation on the adjacency matrix of G in that G t A s (G)G t = A where A is the unsigned adjacency matrix. We will show that G t defines a useful coordinate transformation that allows an immediate application of the uncontrollability test in [16] .
First, we discuss the notion of symmetry in signed graphs. Definition 1. Let ϕ be a non-identity automorphism on graph G. Suppose that this graph is structurally balanced, with gauge transformation G t induced by the function g : R n → R n defined by [g(x)] i = σ i x i . Then, we define signed automorphism operator as ϕ = g • ϕ • g. Moreover, assume that J is the matrix representation of the permutation operator ϕ, in that J = Dϕ. Then, the analogous matrix J = G t JG t is the matrix representation of the signed permutation operator ϕ , in that J = D(g • ϕ • g). By Definition 1, if ϕ(x i ) = x r , then ϕ (x i ) = σ i σ r x r . For example, consider the graph in Figure 1 . 
Recall that we use φ(i) as the action of the automorphism on the index of a node rather than the more obscure notation ϕ(v i ). For example, in Figure 1 we have φ(1) = 2, φ(2) = 1. We can now proceed to the main results of this paper, which are established case-by-case for each of the dynamics in Equations (2)-(4).
1) Absolute Nonlinear Flow:
In the following theorem, we will show that for absolute nonlinear flow with odd functions f , structural balance directly generalizes the uncontrollability conditions in [16] . For the case of even functions, we need to impose additional topological structure on the edge weights of the underlying graph.
Theorem 4. Consider a structurally balanced graph G with gauge transformation G t and absolute nonlinear flow dynamics (2) . Further suppose G has a non-trivial signed automorphism ϕ . Let f : R n → R be a smooth odd function (for example, odd f ∈ S 0 with f smooth). Then, for any vertex j ∈ Fix(ϕ ) chosen as the leader, the leader-follower network is not accessible from the origin in R n−1 . Moreover, the same results holds for smooth even functions f if ϕ preserves edge signs, in that sgn(a ij ) = sgn(a φ(i)φ(j) ).
Proof: Following Equation (1), let F denote the network flow and assume the dynamics in (2) . We will first note that for smooth odd functions f , a convenient coordinate transformation yields unsigned dynamics. Let z = G t x, or z i = σ i x i . Then, following [12] we get the equivalent dynamicsż
which is an unsigned absolute nonlinear flow. Then, from Theorems 1 and 2 we conclude the system is inaccessible from the origin.
Now, suppose f is an even function. From (2) we have
where r = φ(i) and l = φ(j) and the property f (σ i σ j x) = f (x) of even functions is used. On the other hand, we know from the above identity that
Hence, F is ϕ -invariant if sgn(a ij ) = sgn(a rl ). The condition on even functions in Theorem 4 can be interpreted as an edge-sign symmetry of the graph, in that edge signs remain invariant under the signed automorphism.
2) Relative Nonlinear Flow: The main result of this section shows that structural balance and the existence of the non-trivial signed automorphism lead to the uncontrollability of the relative nonlinear flow. Theorem 5. Consider a structurally balanced graph G with gauge transformation G t and relative nonlinear flow dynamics. Further suppose G has a non-trivial automorphism ϕ . Let f : R n → R be a smooth odd or even function (for example, odd f ∈ S 0 with f smooth). Then, for any vertex j ∈ Fix(ϕ ) chosen as the leader, the leader-follower network is not accessible from the origin in R n−1 .
Proof: Let the same notations as in proof of Theorem 4 hold. We will show that both cases of odd and even functions f lead to ϕ -invariance of the flow F and therefore the inaccessibility from the origin.
Let f be an odd function. Changing the coordinates by z = G t x yieldṡ
which is the unsigned relative nonlinear flow. Hence, F is ϕ -invariant and inaccessibility from the origin follows from Theorems 1 and 2.
For an even function f , from (3)
where the last display is equal to F r (x), and we have used the fact that σ i σ j sgn(a ij ) > 0 hence σ i σ j = sgn(a ij ) for all i and j ∈ N i .
3) Disagreement Nonlinear Flow: Theorem 6. Consider a structurally balanced graph G with gauge transformation G t and disagreement nonlinear flow dynamics. Further suppose G has a non-trivial automorphism ϕ . Let f : R n → R be a smooth odd or even function (for example, odd f ∈ S 0 with f smooth). Then, for any vertex j ∈ Fix(ϕ ) chosen as the leader, the leader-follower network is not accessible from the origin in R n−1 .
Proof: The proof is identical to that of Theorem 5. Remark 1. The analysis of this section demonstrates that for all of the three nonlinear flows (2)-(4) structural balance in addition to ϕ -invariance leads to system uncontrollability for even and odd functions f . The only exception is when the absolute nonlinear flow f is even. In this case, an edge-sign symmetry condition is also required.
V. BIPARTITE IDENTIFICATION WITH THE KOOPMAN OPERATOR AND EDMD
In this section, we extend the data-driven approach by Pan et al. in using data-driven methods to identify the bipartite consensus for some of the nonlinear network flows considered in the preceding section. Our main result asserts that the Koopman mode corresponding to the zero eigenvalue of the Koopman operator contains the sign structure indicating the bipartite consensus. Theorem 7. Consider either the dynamics (2) with f ∈ S or the dynamics (3) with f ∈ S 0 . Recall that the full-state observable can be written in terms of the Koopman triple as
If the underlying graph is structurally balanced, then the following hold: 1) λ j ≤ 0 with a unique zero eigenvalue λ 1 .
2) The sign structure of the corresponding Koopman mode v 1 displays the bipartition of nodes denoted in Lemma 1 (5) . Proof: By Theorem 3, if G is structurally balanced, then we have that lim t→∞ x(t) = n −1 1 T G t x 0 G t 1. Hence, λ i ≤ 0 since otherwise the RHS of Equation (5) does not converge.
The sign structure of the vector G t 1 corresponds to bipartition of nodes denoted in Lemma 1 (5) . Since λ 1 = 0 is unique, by setting α = (1/n)1 T G t x 0 we have that lim t→∞
Since both α and ϕ 1 (x 0 ) are constants, we can see that v 1 ∝ G t 1, and the result follows.
In §VI-B, we show an example where we use EDMD to approximate the first mode of the Koopman operator to obtain the sign structure corresponding to the bipartite consensus.
VI. EXAMPLES
In this section, we show some examples that highlight the necessity of combining ϕ-invariance, structural balance and leader-node symmetry for uncontrollability of signed networks. We refer the reader to [16] for similar examples in the unsigned case. We then show an example of using EDMD to obtain the bipartite consensus structure of a nonlinear flow on a structurally balanced graph.
A. Unsigned Symmetry is Not Sufficient for Uncontrollability
Here we show an example of a network flow on a signed graph which has a leader-node symmetry. We show that in one case, the graph is structurally balanced, and the induced flow is hence uncontrollable. By altering the sign on a single edge, structural balance is lost and the resulting network flow is controllable. Consider the structurally balanced graph in Figure 2a , and the structurally unbalanced graph in Figure 2b . These have the dynamicsẋ = −L i x − 1u, with Laplacians
The controllability matrices of these dynamics are rankdeficient and full-rank, respectively.
B. Identification of Bipartite Structure: Kuramoto Dynamics
In this subsection, we consider a numerical method to identify the bipartite consensus structure of nonlinear dynamics on a structurally balanced graph, i.e. obtaining the bipartition of nodes in Lemma 1 (5) . We do this by exploiting Theorem 7, and numerically approximating the Koopman mode corresponding to the zero eigenvalue.
Consider the dynamics (3) with f (·) = sin(·), corresponding to the (signed) phase coupling of the Kuramoto dynamics 1 , with an underlying structurally balanced oscillator network shown in Figure 3 . We use EDMD to approximate the first Koopman mode corresponding to the zero eigenvalue. Due to space constraints, we refer the reader to §2.2.3 of [30] for a detailed explanation of the EDMD algorithm. In particular, we use a dictionary of functions of the form The dynamics are shown in Figure 4 for an initial condition of x 0 = (−1.73, −0.38, −0.21, 0.56, −0.65, −0.32). The EDMD procedure was applied to three sets of data with a time-step of 0.1, as depicted in Figure 4 : the full data (from 0 ≤ t ≤ 10), the data in the red shaded region (0 ≤ t ≤ 3) and the data in the blue shaded region 2 ≤ t ≤ 5). The computed Koopman modes corresponding toλ 1 ≈ 1 for these regions respectively arē , which all contain sign structure corresponding to the bipartition depicted in Figure 3 . Despite not using all available data, the EDMD procedure was able to extract the bipartition well before the dynamics converged. This begs the question how early can we detect the bipartite structure of the underlying dynamics? We will address this question in future works.
VII. CONCLUSION
In this paper, we examined the controllability of nonlinear flows on signed networks. In particular, we identified that the topological property of structural balance is the key ingredient that when combined with a leader-node symmetry and ϕinvariance of the flow dynamics, results in uncontrollability.
We then looked at the task of identifying the bipartite consensus of certain classes of nonlinear network flows. We showed that the sign structure of the first Koopman mode corresponds to this bipartite consensus, and then used EDMD to numerically approximate this sign structure.
